Abstract: Bergan-Wang approach has one governing equation in one variable only, namely the transverse deflection of a moderately thick plate. This approach faces no numerical difficulties as the thickness becomes very small. The solution of a fully clamped rectangular plate is presented using two different series solutions. The results of a square plate are compared with the results of the classical plate theory, Reissner-Mindlin theory and the three dimensional theory of elasticity for different aspect ratios. Two types of clamped boundary conditions are investigated. The obtained results show that Bergan-Wang approach gives good agreement for both very thin and moderately thick plates.
Introduction


Plates might be classified according to thickness ( ) to span ) ratio as follows: very thin plate , moderately thin plate , moderately thick , for thick plate and very thick plates three-dimensional theory of elasticity should be applied. Classical plate theory [1] [2] [3] is widely accepted for the analysis of very thin plates. The governing equation of classical plate theory is:
where w is the transverse deflection of the plate mid-plane, D proposed an approach which led to one partial differential equation of the eighth order of the transverse deflection w. This approach faces no difficulties as becomes very small. According to this approach, the strain energy per unit area, can be written as the sum of bending contribution and shearing contribution
. so .
Where and in which denotes the transpose of a matrix and the suffix stands for bending (shear). For a homogeneous and isotropic material, the above matrices are given by: The moments (Fig.2 ) are given by:
, ,
The shear forces are given by:
The governing equation for Bergan-Wang approach is:
This equation clearly converges to the classical fourth order partial differential equation as h becomes very small. The difficulties of Bergan-Wang approach are the high order of the partial differential equation and the increased number of boundary conditions. A closed form solution for the case of simply supported square plate is given in [10] for different loadings. The clamped boundary conditions are more difficult [2] . In this work, two different series solutions of clamped rectangular plate (Fig. (2) ) are used, namely: (Fig.2) . For the case of classical plate theory, similar series are proposed [11, 12] .This is the first time, to the best knowledge of the authors, that such solutions were used for clamped plates based on Bergan-Wang approach.
The coefficients: and are to be determined according to the method of solution. Because these two series are used to get the classical plate theory solutions, we can directly get separate expressions of the solutions due to bending and due to shear. This is in harmony with Shimpi's work [13, 14] and Reddy's solutions [7, 3] .
The methods of solution are given for a clamped rectangular plate. The numerical results of a square plate are compared with the solution of classical plate theory, Reissner-Mindlin theory and the three dimensional theory of elasticity. For the moderately thick plates, the results are comparable. It is hoped that these results will serve as bench marks for finite element solution for Bergan-Wang approach.
Boundary Conditions for a Clamped Plate
The eighth-order differential equation needs four boundary conditions on each side of the plate. This is a problem in itself, because the boundary conditions of Reissner-Mindlin's theory are only three which goes with the sixth-order of the system of equations governing the theory. Moreover, it is intuitively "reasonable" to have only three boundary conditions.
A comparison with the case of classical plate theory, where the clamped boundary conditions are the imposition of zero values for w and its normal derivative , one is motivated to impose, along each clamped edge, zero values for w and its normal first, second and third derivatives ( n can be x or y according to which direction is normal to the edge under study). This choice contradicts the mechanics of supports (the annulation of second normal derivative of w is a characteristic of a simple support). As a matter of fact, such a choice is a very severe clamping which cannot be realized in practice. Therefore, the boundary conditions were proposed to be; zero values for w , , and [10] . Such a choice has fortunately been fulfilled by the series given in
According to Reissner-Mindlin, there are two types of clamped boundary conditions: The soft one, for which we impose zero values for w, and ( Fig.3 ) along each edge, and the hard one, where we impose zero values for , and ( stands for tangential direction of the edge while stands for the normal to the edge under study) [15, 16] . In [9] , It has been shown that the expressions for , and are related to as follows:
In this work, the soft clamped case has been chosen in addition to the imposition of zero value to the normal derivative of w. This choice which will be denoted by BC-I goes well with the choice of the aforementioned series. Application of the well-known Galerkin method [17, 18] has been used to find out the coefficients W leading to very good results. Another interesting type of boundary conditions has been investigated. In addition to the two main boundary conditions on w and used in the classical plate theory, two more ones come from the decomposition of the eighth-order equation into two fourth-order equations. In fact, we can write down the Bergan-Wang equation (2) as follows: An application of the finite integral transform [12, 19 and 20] has led to good results. Nevertheless, it is still believed that further investigations of the boundary conditions are needed.
First Type of Clamped Boundary Conditions (Solved by GALERKIN'S Method)
Consider a fully clamped isotropic rectangular plate of length a and width b , where 0 x a and 0 y b. The partial differential equation (2) governs the plate deflection. Applying the Laplacian operator in equation (2) , gives the partial differential equation of the plate transverse deflection:
Assuming the solution to be of the form given in equation (3) 
Multiply both side by 1 cos 2α x 1 cos 2β y
Where and can take any integer value from 1 to ∞.
Double integrate both sides of the equation with respect to x and y with the limits of integration are set to be 0 a and 0 b respectively. 
To find we start by performing the following integrals: (11) to find the deflection at any point on the plate.
Second Type of Clamped Boundary Conditions (Solved by Finite Integral Transform (FIT) Method
This method involves solving the eighth degree partial differential equation of the plate transverse by solving two forth order differential equations consecutively. This is done as described in [12] . We solve equation (9) assuming the solution to be of the form:
where , sin sin .
The boundary conditions on u are applied by imposing zero values to
After solving (19) , the solution is substituted in equation (18) to obtain the following partial differential equation:
Again a double finite sine integral transform is used. 
Numerical Results
A square fully clamped plate of unit length with uniform distributed load is studied. The deflection at its mid-point is calculated. This is done with different thickness to side length ratios, starting at a very small ratio and ending at a ratio 0.13, which is almost the limit of moderately thick plate.
All values for the deflection are normalized so they would be compared to the references. The normalized deflection is given as w D where q is the amplitude of the uniform distributed load.
The plates with the same ratios were modeled using the finite element package ANSYS [21] using two different types of elements. The first type is the Shell181 element which relies on the Reisnner-Mindlin plate theory. The second type is the Block20 3D element which was used to find the 3D solution of the same plates.
The results of the four methods are summarized in table (1) .
Figure (4) illustrates the change of the mid-point deflection with the change of the thickness ratio. At small thickness ratios, which can be considered a thin plate, all the solutions converge to the thin plate theory solution which was given In [1] .
As the thickness ratio increases the difference increases between the Bergan-Wang approach solutions and the two used finite element solutions which are based on Reissner-Mindlin and the 3D elasticity theory. The relative error related to 3D solution is given in Table 2 showing that first To check the convergence of the two methods, the problem of a clamped square thin plate was solved by the two methods described in the previous two sections. The value of the thickness ratio was taken 0.00001. The number of terms of the series solution was varied and the normalized deflection at the mid-point of the plate was calculated and checked with the classical plate theory solution.
Convergence of Galerkin's Method
It was found that increasing the number of terms in the series makes the solution converges to the classical plate theory solution after taking 10 terms. It was also found that taking an odd number of terms gives a solution more convergent than if any of the two adjacent even numbers is taken as the number of the series terms. This is illustrated in figure (5).
The solution using this method involves solving a system of linear equations of the order for .
Convergence of Finite Integral Transform method (FIT)
Using a value of m and n equals 300 we could get the value of the mid point normalized deflection of the plate to be 0.001263. It was found that the convergence of this method is very slow. The solution using this method involves solving two systems of linear equations each of the order 4m for equal values of m and n . Investigating the different values of series terms it was found that:
The odd number of terms gives exactly the same result of the previous even number.
The even number of terms that is divisible by 4 gives a result which is upper asymptotic to the solution while the even number that is not divisible by 4 gives a result which is lower asymptotic to the solution. This is illustrated in figures (6) and (7) .This makes it important to carefully choose the number of terms in the series.
Conclusions
The Bergan-Wang approach used in solving for the deflection of plates, proved to have a powerful feature. It can be used for thin, moderately thin and moderately thick plates. The choice of zero values for , , and as the boundary conditions gave good results for all thickness ratios till the moderately thick plates. Nevertheless, it is still believed that further investigations on the boundary conditions of a fully clamped plate are needed. Further studies are needed to find the effect of the thickness ratio near the abrupt change in thickness, at holes and near the edges. The flexibility of finite element method compared with the series solution can help in this direction. Moreover, the finite element method will clarify the effect of thickness (through the factor ) on the solution at the boundary. A special care is needed in deciding the number of terms used in the series solution. This is due to both the expenses of solving the linear system and convergence.
